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The real-spae RG approah is applied to study ritial temperatures of system
onsisting of interating spin hains of spin S = 1 with an inner antiferromagnet-
i exhange whih form a honeyomb rystal lattie. Using anisotropi Heisenberg
model we alulate ritial temperature as a funtion of anisotropi parameter and
the ratio of interhain and intrahain interations. A omparison our results with
those obtained from RGRS alulations for the same model of spin-1/2 on a square
lattie is given.
I. INTRODUCTION.
The study of low-dimensional magneti systems made of spin hains attrats muh at-
tention for last deades. If the interhain oupling is less than intrahain one, at higher
2temperatures these systems exhibit properties intrinsi to one-dimensional magnets. How-
ever, at lower temperatures the interhain interation omes into play and begins to govern
a magneti behavior of the system.
In this work we apply the real spae renormalization group (RSRG) proedure to the
antiferromagneti Heisenberg (AH) model of spin S = 1 on a honeyomb lattie made of
antiferromagneti spin S = 1 hains with an antiferromagneti interhain oupling. We
are interested in the ritial properties of the 2D system, and explore how the interhain
oupling affets the ritiality of the model. Simultaneously, we eluidate an effet of an ex-
hange anisotropy on the ritial temperature and build the phase diagram of the anisotropi
Heisenberg (AH) model of spin S = 1 on a honeyomb lattie with two kind of exhange
ouplings.
First of all, the interest to the problem is motivated by synthesis of a family of related
organi biradials PNNNO, PIMNO and F2PNNNO whose magneti properties have
been examined by suseptibility and magnetization measurements
1
. Eah biradial involves
two spins of S = 1/2, whih are oupled ferromagnetially (JF ). In their turn, these spin pairs
ouple antiferromagnetially in the rystal. Due to the strong ferromagneti oupling JF ,
antiferromagneti hains of S = 1 are seen in both PNNNO and F2PNNNO (see Fig. 2(a)
Type-I in Ref.
1
). PNNNO has interhain interations in three-dimensions (3D), whereas
F2PNNNO has two-dimensional (2D) interhain interations. PNNNO is well understood
by one-dimensional antiferromagneti hain model. The ompound undergoes 3D Neel order
at ∼ 1 K due to the weak interhain oupling. The rystal strutures of F2PNNNO is
shown in Fig.1. In the extreme limit of JF → ∞, the model beomes equivalent to the
oupled antiferromagnetially (J
′
AF ) antiferromagneti uniform hains of S = 1 with the
intrahain exhange integral JAF . F2PNNNO with omparable values of two kinds of the
3antiferromagneti interations JAF and J
′
AF forms a 2D system on a honeyomb lattie. It
has been found that a magnetism of F2PNNNO is haraterized by the singlet ground state
and an energy gap above the state. This finding is supported by the high-field magnetization
proess whih shows a plateau in the magnetization urve. We have to point out one that
a modelling of real spin-1/2 system by spin 1 system implies some mistake and one have to
apply the results of the RSRG analysis to the real ompounds with aution.
The results for the spin-1 lattie may be useful also for the theory of S = 1 bosons
(ultraold atoms
23Na) trapped in an optial lattie in the regime of one partile per site
for suitable interation between the bosons
2,3
.
Aording to reent quantum Monte Carlo results for spin-1/2 weakly anisotropi an-
tiferromagnets on the square lattie an ordered low-temperature phase develops for very
small anisotropy of order 10−3 ÷ 10−2 (in units of exhange oupling)4. These results are in
ontradition with the RSRG treatment for the same model prediting onsiderably larger
value of the ritial anisotropy (∼ 0.2). In view of this disrepany, the RSRG analysis for
the S > 1/2 ase is of a partiular theoretial interest and besides it is instrutive to om-
pare a ritial behavior of systems of integer and half-integer spins. We mention the results
of investigations of ground states of spin-3/2 (spin-2) systems on the hexagonal (square)
lattie by using vertex state models
5,6
. It has been shown that these systems exhibit an
anisotropy-indued seond order phase transition from disordered phase with exponential
deay of two-spin orrelations to the Neel order phase with dominant long-range orrelations.
The phase transition belongs to the 2D Ising-model universality lass.
After the RSRG approah has been applied suessfully to study the 2D Ising systems
7,8
a number of works have been dediated to the investigation of phase transitions in quantum
systems within the method
9,10,11
. In last deade, the RSRG methods have been performed to
4alulate the phase diagram for the anisotropi antiferromagneti Heisenberg (AAH) model
of S = 1/2 on the square lattie12,13. This approah uses a hierarhial lattie to approximate
the square one, and performs a partial trae over internal degrees of freedom. Reently, in
order to study weakly interating lassial and quantum spin hains the linear-perturbation
real-spae renormalization group (LPRG) method has been suggested
14
. The LPRG uses
the existene of the small parameter  the ratio of interhain to intrahain oupling. This
perturbative method involves RG transformation, whih for the Ising spins is the standard
deimation proedure and for the quantum spins is the generalization of the Suzuki-Takano
approximate deimation
15
. However, in pratie, the LPRG using perturbation theory with
the interhain interations as the perturbation parameters is only reliable for small values
of the ratio interhain to intrahain interation.
We use an extension to S = 1 ase of the quantum RSRG approah originally suggested
by Mariz et al. for the S = 1/2 AH model16. An appliation of the renormalization group
method to interating quantum spin hains enounters standard diffiulties onneted with
a neessity of a deomposition of the exponential operators, and additional proliferation of
the new interations due to the vetor harater of the spin operators.
The paper is organized as follows. In Se. II the RSRG method is formulated for S = 1
and applied to the honeyomb lattie formed by interating antiferromagneti hains. Our
results and onlusions are given in Se. III.
5II. MODEL.
We onsider a system (anisotropi Heisenberg model) whose dimensionless Hamiltonian
is defined by
− βH = ∑
<i,j>
Kij
[
(1−∆ij)
(
Sxi S
x
j + S
y
i S
y
j
)
+ Szi S
z
j
]
(1)
where β = 1/kBT , Kij ≡ Jij/kBT , Jij is the exhange oupling onstant, 〈ij〉 denotes first-
neighboring lattie sites, ∆ij is the anisotropi parameter, and S
α
i {α = x, y, z} is the spin
1 on the site i. The Hamiltonian (1) desribes the Ising (∆ij = 1), isotropi Heisenberg
(∆ij = 0) and XY-model (∆ij = −∞).
We mention briefly main operations lying in base of the approah of Ref.
16
. A parallel
array of two bonds haraterized respetively by (K1,∆1) and (K2,∆2) is equivalent to a
single bond haraterized by (Kp,∆p) given by
Kp = K1 +K2,
Kp∆p = K1∆1 +K2∆2.
The extension of the approah, that is nothing but Migdal-Kadanoff proedure
17,18
, to n
parallel bonds is straightforward.
For a series array of two bonds haraterized by (K1,∆1) and (K2,∆2) the proedure
involves diffiulties due to non-ommutativity effets. Under resaling and removal of inter-
mediate spins (deimation), the Hamiltonian hanges and is haraterized by a new set of
parameters that are funtions of the original set. The initial Hamiltonian is given by
H123 = K1 [(1−∆1) (Sx1Sx3 + Sy1Sy3 ) + Sz1Sz3 ] +K2 [(1−∆2) (Sx3Sx2 + Sy3Sy2 ) + Sz3Sz2 ] .
We have to replae this array by a single bond whose Hamiltonian is
H ′
12
= Ks [(1−∆s) (Sx1Sx2 + Sy1Sy2 ) + Sz1Sz2 ] +K ′0. (2)
6We impose the preservation of the partition funtion between terminal sites 1 and 2, i.e.
expH ′
12
= Tr3 expH132, (3)
where Tr3 denotes the traing operation over the states of the intermediate spin 3, K
′
0
is an
additive onstant inluded to make Eq. (3) possible. Equation (3) establishes the relation
between the set of parameters (K1,∆1), (K2,∆2) and the set of renormalized parameters
(Ks,∆s, K
′
0
). For the anisotropi spin-1/2 Heisenberg model orresponding expressions may
be found expliitly
16
,
12
.
In order to onstrut reursion relations of the RG transformation (3) for the spin-1model
we should expand both sides over an appropriate matrix basis to equate oeffiients of the
expansion. To avoid a proliferation problem we hose those quantities that orrespond to
oupling onstants in the initial Hamiltonian (1).
Due to properties of Pauli matries the matrix representation for H and expH in the ase
of spin 1/2 has the same form, i.e. H and expH have non-zero matrix elements in the same
positions. For the S = 1 this rule does not hold that results in an essential ompliation of
RG proedure.
Following the treatment of Ref.
16
, we expand expH ′
12
as
expH ′
12
=
∞∑
n1=0
∞∑
n2=0
Kn1n2A
n1
1
⊗An2
2
,
where ⊗ is the outer produt, A1,2 is ordinary powers of the spin operators Sx,y,z1,2 and
the oeffiients Kn1n2 depend on Ks,∆s and K
′
0
. Sine, An
1,2 are the 3 × 3 matries we
expand them over the basis that onsists of the polarization matries T kq (k = 0, 1, 2 and
q = −k,−k + 1, . . . , k) (see Appendix A)
Ani = a (Ti)
0
0
+
∑
M=±1,0
bM (Ti)
1
M +
∑
M=±2,±1,0
cM (Ti)
2
M , (i = 1, 2).
7In their turn, the matries T kq may be written through the spin operators expliitly
19
T 0
0
=
1√
3
I, T 1±1 = ∓
1
2
(Sx ± iSy) , T 20 =
√
3
2
(
(Sz)2 − 2
3
I
)
,
T 2±1 = ∓
1
2
[(SxSz + SzSx)± i (SySz + SzSy)] , T 2±2 =
1
2
[
(Sx)2 − (Sy)2 ± i (SxSy + SySx)
]
.
The transformation exp(H) should preserve the symmetry of the HamiltonianH . Thus, the
requirement of invariane gives the most general form
expH12 = α1
(
(T1)
0
0
⊗ (T2)00
)
+α2
(
(T1)
1
0
⊗ (T2)10
)
+α3
(
(T1)
2
0
⊗ (T2)20
)
+β
(
(T1)
1
1
⊗ (T2)1−1 + (T1)1−1 ⊗ (T2)11
)
+ γ
(
(T1)
2
2
⊗ (T2)2−2 + (T1)2−2 ⊗ (T2)22
)
+ σ
(
(T1)
2
1
⊗ (T2)2−1 + (T1)2−1 ⊗ (T2)21
)
(4)
with a new set of oupling parameters α1, α2, α3, β, γ, σ. For the Hamiltonian (2) the above
formula gives
expH12 =


A12 0 0 0 0 0 0 0 0
0 B12 0 C12 0 0 0 0 0
0 0 D12 0 F12 0 G12 0 0
0 C12 0 B12 0 0 0 0 0
0 0 F12 0 E12 0 F12 0 0
0 0 0 0 0 B12 0 C12 0
0 0 G12 0 F12 0 D12 0 0
0 0 0 0 0 C 0 B12 0
0 0 0 0 0 0 0 0 A12


, (5)
where the matrix elements are A12 ≡ α1/3 + α2/2 + α3/6, B12 ≡ α1/3 − α3/3, C12 ≡
−β/2− σ/2, D12 ≡ α1/3− α2/2 + α3/6, E12 ≡ α1/3 + 2α3/3, F12 ≡ −β/2 + σ/2, G12 ≡ γ.
Similarly, we obtain the losed expression for the expansion of Tr3 expH123 akin to that
of expH12 with the oeffiients in the expansion (4) are funtions of the parameters oming
into H123 (see Appendix B for details).
8To alulate the exponentials we will diagonalize numerially the 9 × 9 and 27 × 27
matries assoiated with H12 and H123. By using
expH12 = U12 exp(H
D
12
)U †12, expH123 = U123 exp(H
D
123
)U †123,
where U12, U123 are the unitary matries turning H12, H123 into the diagonal forms H
D
12
, HD
123
,
we an find numerially expH12 and expH123 as funtions of orresponding oupling param-
eters. The same matrix struture (5) of expH12 and Tr3 expH123 is supported by the nu-
merial alulation. The numerial proedure produes a set {α1, α2, α3, β, γ, σ} for expH12
and
{
α¯1, α¯2, α¯3, β¯, γ¯, σ¯
}
for Tr3 expH132. To obtain the required RG equations we impose
α1 = A12 +B12 +D12 = A¯12 + B¯12 + D¯12 = α¯1, (6)
α2 = A12 −D12 = A¯12 − D¯12 = α¯2, (7)
β = −C12 − F12 = −C¯12 − F¯12 = β¯ (8)
and
α3 = E12−B12 = E¯12−B¯12 = α¯3, γ = G12 = G¯12 = γ¯, σ = F12−C12 = F¯12−C¯12 = σ¯. (9)
The number of these equations exeeds the number of interations that enter into the Hamil-
tonian (2) beause all possible bilinear ouplings between terminal sites ome into play.
Thus, in order to arry out the RG deimation we retain the three equations (6,7,8) whih
impliitly determine Ks,∆s and K
′
0
as funtions of (K1,∆1), (K2,∆2). This set of equations
is a ounterpart of RG relations for the ase of S = 1/2 (see Eqs.(12) in Ref.16).
Now, we have to hose an appropriate hierarhial lattie. We take one of the simplest
ells, onserving a point symmetry of the full lattie, with 6 sites and 6 bonds, depited in
Fig.2. We then impose that the orrelation funtion between the two terminal sites 3 and 6
9of the original and renormalized graphs are preserved. At the first step we apply deimation,
the spins 1 and 3 (or 4 and 6) survive whereas the spins 2 and 5 are removed. At the seond
step the deimation proedure is repeated removing the spins 1 and 4. Finally, to obtain the
renormalized parameters we apply Migdal-Kadanoff bond moving ombining the piees in
parallel, whih leads to the reursion relations
(KS,∆S) = RS (K2,∆2;K1,∆1) ,(
K
′
S,∆
′
S
)
= RS (KS,∆S;K1,∆1) ,
(Kp,∆p) = 2
(
K
′
S,∆
′
S
)
.
(10)
We have evaluated numerially the renormalization transformation from the original
set of oupling parameters to the set of renormalized parameters. Critial points are then
evaluated as non-trivial fixed points of the above relations whih an be rewritten as the
omposite funtion
(Kp,∆p) = 2RS (RS (K1,∆1;K2,∆2) ;K1,∆1) . (11)
Unlike to the ase of S = 1/2 we an not obtain RG relations expliitly. Instead of
this, we briefly outline the numerial proedure. Input fixed parameters are the ratio of
interhain to intrahain oupling C1 = J
′
AF/JAF and the anisotropi parameter ∆ = ∆1
and what's more ∆2 = C1∆ (the feature of anisotropy is the same both for the intrahain
and interhain ouplings). At given starting value K1i of the intrahain oupling (then the
interhain oupling is K2i = C1K1i) we apply two suessive deimation steps to produe a
renormalized oupling K
′
S. During eah of the step we solve Eqs.(6,7,8) using the standard
routine for non-linear systems of equations
20
. Then, we double the result obtained after these
transformations to get a final value Kf depending on the starting value K1i. To omplete
we find a fixed point Kc of the equation K1i = Kf(K1i) by using bisetion method.
10
III. RESULTS.
The ritial inverse temperature Kc = 1/Tc as a funtion of C1 for several ∆ values
is presented in Fig.3. As seen, the ritial temperature rapidly dereases when the inter-
hain oupling beomes weaker. Our results for the ritial temperature as a funtion of
the anisotropy ∆ are shown in Fig.4. The universality lass for the whole ritial urve is
the same as for the Ising model. By ontrast to some RSRG alulations for S = 1/2 the
phase diagrams for ferromagneti and antiferromagneti models are the same: the ritial
temperature reahes zero at a ritial value of ∆, ∆c, whih is greater than zero. The weaker
interhain oupling the stronger quantum flutuations. So, as one ould expet, the ∆c value
is larger if the C1 shifts to lower values.
For the lowest temperatures we ould work we have observed no sign of the reentrant
behavior found in some previous RGRS treatments. The Neel temperature behaves as
TN ∼ 1
ln (∆−∆c)
near ∆ = ∆c that agrees with the result found for the ase S = 1/2. Our alulation an not
be arried out down to T = 0; therefore we an not make any definite onlusions about the
ground state of the model. The saling law holds for different values of the ratio of interhain
to intrahain oupling (Fig.5). In Ref.
21,22
, the logarithmi dependene of TN and Tc with
respet to ∆ − ∆c is established using saling arguments with ∆c = 0. Reent quantum
Monte Carlo results
4
for the anisotropi 2D S = 1/2 Heisenberg model have shown that it
develops an ordered low-temperature phase even for very small anisotropies ∆ ∼ 10−3, 10−2.
The latter gives strong evidene of large values of a ritial anisotropy is an artifat of the
real-spae renormalization approah.
At this point, it is worthwhile to ompare our results with those from RGRS alulations
11
for antiferromagneti AH model of S = 1/2 on a square lattie. These RSRG analysises lead
to non-equivalene between the ritiality of the ferromagneti (F) and antiferromagneti
(AF) models, a reentrant behavior in the (T , ∆) diagram12,13.
It is well known that in lassial spin models, suh as as the Ising or lassial Heisenberg
models, on bipartite latties the ritial temperature is the same for ferromagneti exhange
(Curie temperature) as for antiferromagneti exhange (Neel temperature). This is a diret
onsequene of the free energy being an even funtion of the exhange parameter. However,
for the quantum spin 1/2 Heisenberg model the Curie and Neel temperatures are unequal23.
Reently, this question has been reinvestigated using high-temperature series expansions
for the spin 1/2, 1 and 3/2 Heisenberg ferromagnet and antiferromagnet in 3-dimensions24.
The differene between the temperatures dereases rapidly with inreasing spin S. In some
quantum systems, suh as the quantum spin 1/2 XY and transverse Ising models, an iso-
morphism between the ritiality of the F and AF ases is observed
25
. Critial properties
of the quantum spin-1/2 2D Heisenberg model with anisotropi interation treated by the
Green's funtion tehnique yields Tc = TN for all values of the anisotropy parameter
26,27
.
RSRG methods give ontraditory results of the problem beause of underlying approxima-
tions whose effets are hard to ontrol in a systemati way. In Refs.
12,13
it was obtained
by RG approah TN < Tc for 2D anisotropi Heisenberg limit 0 ≤ ∆ < 1 due to a speial
hoie of the hierarhial lattie approximating a square one. The ritial temperature Tc
for 2D ferromagneti spin 1/2 anisotropi Heisenberg model tends gradually to zero when
dereasing the anisotropy parameter ∆, i.e. Tc = 0 in the isotropi Heisenberg limit∆ = 0 in
aordane with Mermin-Wagner theorem
28
. The results for the antiferromagneti exhange
are very similar to the S = 1/2 ase, there is no long-range Neel order for the anisotropy
parameter ∆ < ∆c. The question is not yet settled and more work is needed to put these
12
points on firmer grounds.
An observation of reentrane behavior for the spin 1/2 antiferromagneti AH model on
the square lattie has been reported by some authors
12,13
. This result suggests that there
is an ordered phase at relatively high temperature but not at very low temperature. A full
understanding of this phenomena is still laking, but it's most likely the reentrane behavior
is an artifat of the RGRS method. In Refs.
29
the authors attribute the reentrane to the
effet of finite size in the renormalization and for larger lusters it should be absent.
In onlusion, the real-spae renormalization group is employed to study the anisotropi
Heisenberg model of spin S = 1 on a honeyomb lattie with two kinds of antiferromagneti
ouplings. We alulate dependenies of the ritial temperature on the parameters of the
magneti anisotropy, and on the ratio of interhain and intrahain exhange interations.
The entire ritial line is found to belong to the universality lass of the Ising model. In
aordane with the early RSRG preditions for the antiferromagneti AH model of spin S =
1/2 on a square lattie our alulations reover an existene of large finite ritial anisotropy
∆c that should be onsidered, however, as an artifat of the real-spae renormalization
tehnique.
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Appendix A
The polarization matries for the spin S = 1 has the expliit form
T00 =
1
3


1 0 0
0 1 0
0 0 1


, T11 = − 1√
2


0 1 0
0 0 1
0 0 0


, T1−1 =
1√
2


0 0 0
1 0 0
0 1 0


,
T10 =
1√
2


1 0 0
0 0 0
0 0 −1


, T20 =
1√
6


1 0 0
0 −2 0
0 0 1


, T21 =
1√
2


0 −1 0
0 0 1
0 0 0


,
T2−1 =
1√
2


0 0 0
1 0 0
0 −1 0


, T22 =


0 0 1
0 0 0
0 0 0


, T2−2 =


0 0 0
0 0 0
1 0 0


.
Appendix B
We first take are of H
′
12
and express it in the basis |M1M2〉. In this basis H ′12 beomes
H
′
12
=


K
′
0
+KS 0 0 0 0 0 0 0 0
0 K
′
0
0 WS 0 0 0 0 0
0 0 K
′
0
−KS 0 WS 0 0 0 0
0 WS 0 K
′
0
0 0 0 0 0
0 0 WS 0 K
′
0
0 WS 0 0
0 0 0 0 0 K
′
0
0 WS 0
0 0 0 0 WS 0 K
′
0
−KS 0 0
0 0 0 0 0 WS 0 K
′
0
0
0 0 0 0 0 0 0 0 K
′
0
+KS


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where WS = KS (1−∆S).
Performing the same alulation for H123, now using the basis |M1M3M2〉, we arrive at
a 27× 27 whih has 4 independent bloks of size 9× 9
H123 =


A1 B2 0
B1 A2 B2
0 B1 A3


,
where the 9× 9 A1, B1, B2, A2 and A3 are given by
A1 =


K1 +K2 0 0 0 0 0 0 0 0
0 K1 0 W2 0 0 0 0 0
0 0 K1 −K2 0 W2 0 0 0 0
0 W2 0 0 0 0 0 0 0
0 0 W2 0 0 0 W2 0 0
0 0 0 0 0 0 0 W2 0
0 0 0 0 W2 0 −K1 −K2 0 0
0 0 0 0 0 W2 0 −K1 0
0 0 0 0 0 0 0 0 −K1 +K2


,
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A2 =


K2 0 0 0 0 0 0 0 0
0 0 0 W2 0 0 0 0 0
0 0 −K2 0 W2 0 0 0 0
0 W2 0 0 0 0 0 0 0
0 0 W2 0 0 0 W2 0 0
0 0 0 0 0 0 0 W2 0
0 0 0 0 W2 0 −K2 0 0
0 0 0 0 0 W2 0 0 0
0 0 0 0 0 0 0 0 K2


,
A3 =


−K1 +K2 0 0 0 0 0 0 0 0
0 −K1 0 W2 0 0 0 0 0
0 0 −K1 −K2 0 W2 0 0 0 0
0 W2 0 0 0 0 0 0 0
0 0 W2 0 0 0 W2 0 0
0 0 0 0 0 0 0 W2 0
0 0 0 0 W2 0 K1 −K2 0 0
0 0 0 0 0 W2 0 K1 0
0 0 0 0 0 0 0 0 K1 +K2


,
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B2 = B
T
1
=


0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
W1 0 0 0 0 0 0 0 0
0 W1 0 0 0 0 0 0 0
0 0 W1 0 0 0 0 0 0
0 0 0 W1 0 0 0 0 0
0 0 0 0 W1 0 0 0 0
0 0 0 0 0 W1 0 0 0


,
where W1 = K1 (1−∆1) and W2 = K2 (1−∆2).
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èñ. 1: The magneti model for F2PNNNO. (a) Uniform hains with intramoleular ferromagneti
oupling (JF ) and intrahain antiferromagneti oupling (JAF ). The hains interat antiferromag-
netially (J
′
AF ). (b) The extreme limit of the model when JF →∞: antiferromagneti honeyomb
lattie with S = 1.
èñ. 2: Two-terminal graph used for renormalization purposes.
èñ. 4: Neel temperature TN vs ∆ phase diagram for different values of the C1 = J
′
AF /JAF ratio:
1.0 (1); 0.5 (2); 0.3 (3). The region above (below) the ritial line represents disordered (ordered)
phase. The dotted lines are guides-to-the-eyes.
èñ. 5: Phase diagram TN vs ∆ for small TN near ∆c: C1 = 1.0 and ∆c ≃ 0.46 (a), C1 = 0.5 and
∆c ≃ 0.62 (b), C1 = 0.3 and ∆c ≃ 0.76 ().
èñ. 3: Critial inverse temperature (Kc) vs C1 = J
′
AF /JAF found from the RG reursion relations
for different anisotropy: ∆ = 1.0 (1), ∆ = 0.8 (2), ∆ = 0.6 (3).
